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Abstract. The collisions between linear polar molecules, trapped in a microwave field with circular polar-
ization, are theoretically analyzed. We demonstrate that the collisional dynamics is mostly controlled by
two ratios v/B and © = poFo/hB (v is the microwave frequency, B is the molecular rotational constant,
o is the dipole moment, and Ejy is the electric field amplitude). We discuss the dependence of collision
cross sections on these ratios in order to find an advantageous condition for evaporative cooling.

PACS. 34.50.Pi State-to-state scattering analyses — 33.80.Ps Optical cooling of molecules; trapping —

33.55.Be Zeeman and Stark effects

1 Introduction

The cooling and trapping of polar molecules has recently
been an attractive subject (see the review in [1]) on the
road to bringing intriguing realizations of novel dilute
quantum gases of fermions [2-6] or bosons [7-12] and even
to using them as the qubits of a scalable quantum com-
puter [13]. Improving the precision of molecular spectra
using cold polar molecules is also worthwhile. The im-
proved accuracy of the inversion frequency of NHg or NDj
molecules makes it possible to measure the time depen-
dence of (m./m;), where m,, is the proton mass and m. is
the electron mass [14,15]. The electrons of polar molecules
with heavy nuclei (e.g. YbF molecules) are under a high
electric field and the spectra of polar molecules are an ad-
vantageous tool for detecting violations in time-reversal
symmetry.

Cold molecules have been obtained by combining laser-
cooled atoms, by cooling molecules through collisions with
cold gas, or by obtaining a slow molecular beam. The
first of these uses photoassociation or Feshbach reso-
nance. Kerman et al. produced ultracold RbCs* molecules
through photoassociation [16]. Using Feshbach resonance,
Inouye et al. [17] produced cold KRb molecules and Stan
et al. [18] produced cold LiNa molecules. Molecules con-
structed with photoassociation or Feshbach resonance are
mostly in excited states, although RbCs molecules in an
absolute ground state have also been produced [19,20].
Molecular cooling through collisions with cold gas has
also been developed since 1997. Using a static magnetic
field, a Harvard group trapped CaH molecules, pre-cooled
through collisions with helium vapor [21,22]. There has
also been an idea to cool trapped molecules (with the
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methods discussed below) through collisions with laser-
cooled atoms [23]. Several methods have been developed
to obtain slow molecular beams. A deceleration method
using a time-varying electric field has been elaborated to
load polar molecules into a trap electrode [24-27]. Bethlem
et al. loaded decelerated ND3 molecules into a space
enclosed by quadrupole electrodes [28] and Crompvoets
et al. loaded them into a space enclosed by ring elec-
trodes [29]. Van de Meerakker et al. trapped OH molecules
in a quadrupole electrode using the same method [30].
Rieger et al. loaded ND3, CH3Cl, and CH3O molecules
selected by a quadrupole guide into an electric trap [31].
A counter-rotating beam source [32,33] or billiard-like col-
lisions in crossed beams [34] can also be used to obtain a
slow molecular beam.

The trap loss is caused by the inelastic collision or by
the Majorana effect. It is preferable to trap molecules in
the absolute ground state, where inelastic collisions are
not possible at an ultra-low temperature. There is no
Majorana effect on molecules in the J = 0 state either
(J is the quantum number of the total rotational angu-
lar momentum). Using an AC electric field inside an oc-
topole electrodes system, van Veldhoven et al. succeeded
in trapping para-NDs molecules in the absolute ground
state [35]. The optical field also traps absolute ground
state molecules. Both these methods have problems where
the trap size is very small and the trap potential is shallow.

Recently DeMille et al. proposed to trap polar
molecules using a standing wave of electromagnetic field
inside a microwave resonant cavity [36]. The trap size
is much larger than that of the electrode and optical
trap, which makes loading easy. Trapped molecules can
be cooled with different methods inside the trapping area,
i.e., with buffer-gas cooling or sympathetic cooling with
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laser-cooled atoms. It is also possible to construct cold
molecules from laser-cooled atoms in the trapping area.
The trap potential is much deeper than that in an elec-
trode system or in an optical field.

We have previously considered the elastic and inelastic
collisions [37—43] between molecules trapped by dc elec-
tric field. In this paper we discuss collisional dynamics
between the cold linear polar molecules in the !X state
trapped by a microwave field with a circular polarization
(67), that is more advantageous to obtain a deep poten-
tial than the linearly polarized microwave [36]. The col-
lisional dynamics is mostly controlled by two ratios v/B
and x = poEo/hB (v is the microwave frequency, B is the
molecular rotational constant, pg is the dipole moment,
and Ej is the electric field amplitude). We focus on colli-
sions at ultra-low energies and use the Born approxima-
tion for an analysis of elastic and inelastic cross sections at
different regimes of a microwave field. We have found that
the collisional dynamics does not look so perspective for
evaporative cooling in most considered here cases. Even
at small red detunings (v/B < 2) the collisional loss for
bosons is large enough for a successful evaporation. This is
true for any z. Only the case v/B < 1 and with a small z
looks favourable for evaporative cooling. Meanwhile more
deliberate calculations within the coupled-channels model
may reveal some other intriguing features and will be done
elsewhere.

2 Polar !X-type molecules in a microwave
field

Here we have analyzed the AC Stark shift, which de-
termines the trap depth. The energy levels of !X-type
molecules can be described by the rotation J, total spin
F (i.e., including nuclear spin), and vibration v quantum
numbers. For simplicity we will neglect hyperfine split-
ting and consider molecules only in the v = 0 vibrational
ground state. So we treat polar molecules as rigid rotors
with a permanent dipole moment. The AC-Stark splitting
is characterized by |J, M, n), where M is the projection of
J on the direction of the external electric field and n is
the deviation of the photon number (see [36] for details).
Thus the Hamiltonian for a polar 'Y molecule in a field
is H = Hyot + H fie14. Considering circularly polarized mi-
crowave radiation (), the non-zero Hamiltonian matrix
elements (normalized by hAB) are given by

<J,M,nIH|J,M,n>=J(J+1)+n% (1)

(J+1,M+1,n+1|H|J, M,n)=
eI+ M+ 1V +M+2
2 2274127 +3

(J+1,M—-1,n—1|H|J,M,n) =
eI —M+1VJ—M+2
2 2V2J+1V2T+3

(2)
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Fig. 1. (Color online) The trap potentials of the linear polar
molecules in the J = 0 and 1 states are shown as functions of
the microwave frequency for z = ugFEo/hB = 0.7.

Here, it is assumed that n is much smaller than the mean
photon number N. In the AC-electric field the J, M, N +n
are not good quantum numbers and the dressed state for-
malism should be applied. For example, the lowest en-
ergy state with a given mean photon number N (trapped
molecules are mostly in this state) is described as @; (N) =
S p(J,M,n)|J, M,n). For the (v/B < 2, z < 1) case
p(J=0) = 1 and this state is an almost pure J = 0
state. For the 2 < v/B < 4 case the lowest state be-
comes almost pure (J =1,M = —1) one. At v/B =~ 2,
@, (N) is almost a half and half mixing of |0,0,0) and
|1, —1, 1) states because of the crossing of these two levels.
By changing the microwave frequency from v; (v; < 2B)
tovy (2B < vy < 4B) , trapped molecules transform from
the |0,0,0) state to |1,—1,—1) state. Figure 1 shows the
dependence of the trap potentials of the molecules in the
AC electric field for the J = 0 and 1 states on the mi-
crowave frequency at * = 0.7. The trap potentials are de-
fined as the difference of eigenvalues of the Hamiltonian H
and diagonal Hamiltonian matrix elements. The calcula-
tions were done taking 0 < J <5 (—=J < M,n < J) states
into account. At v/B < 2, the |0,0,0) state is dominant
at @; (N). For 2 < v/B < 4 case @; (N) is dominated
by the |1,—1,—1) state. As v/B gets close to four, the
mixing between |1, —1, —1) and |2, —2, —2) states becomes
significant and for v/B > 4 the @; (N) is dominated by
the |2, —2, —2) state. So the larger frequency of the AC
electric field, the larger angular moment J of the state
@; (N) will be dominated. The depth of the potential can
be also changed by altering the amplitude of the AC-field
for a fixed frequency as well. Figures 2a and 2b show the
AC Stark energy shifts as functions of x for v/B = 0.3 and
2.3 cases respectively. The potential depth of the ground
state can be larger than hB for = > 3.

3 Collisions of cold trapped molecules

We will consider the scattering of two polar molecules in
a microwave field. A theoretical description of molecule-
molecule scattering is complicated by the complexity of
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Fig. 2. (Color online) The trap potentials of linear polar
molecules in the J = 0 and 1 states versus z (=poEo/hB) at
a microwave frequency of (a) 0.3B and (b) 2.3B respectively.

the short-range interaction between molecules. It is there-
fore worthwhile to seek situations in which the influence
of short-range physics is minimal and the bulk effects are
ruled by the dipolar part of interaction [41-43]. Here we
assume that the intermolecular interaction is only domi-
nated by the dipole-dipole interaction as well and discuss
the use of simplified methods, i.e., the Born approximation
with ultra-low kinetic energy. Though in some cases these
simplified methods might give rather rough approaches
they are useful to understand the dependence of cross sec-
tions on the molecular constants (e.g., permanent dipole
moment, mass, and rotational constant) quite transpar-
ently.

The cross-sections of processes |@;1, Pi2) — |Ps1,DPy2)
caused by collisions between the same kinds of molecules
are obtained from

o [|Pi1, Piz) — |1, Py2)] =

8
2, 2 [1+0(Pir, Pig)| [L + 0 (Pf1, Pyo)]

LM, L)
Vs

x 5P [|19i1, iz) — |@g1, Pp2), (L, ML) — (L', My)]

(3)
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where k is the incident wave number and L (L) are even
for bosons and odd for fermions. M, (M} ) are the quan-
tum numbers for the total angular momentum of relative
motion and its trajectory parallel to the electric field be-
fore (and after) the collision, respectively. P is the opacity
function [40]. In the Born approximation this function is
given by

s
PP, @iz) = [Ps1, Py2) . (L, Mr) — (L', Mp)] =
m? k' P
—— G| — | F(AMj1,AMje, L. M, L', M
167T€(2)h4 L,L (k) ( J1, J2, Ly L, ’ L)
(4)
k/ k/ oo . 1 ) 2
GL7L/ (E) = ? |:\/O ]L (k’f’) ;jL’ (k/’l") dT’
K AE (hk)?
—=4/1+—= K=-——
k + K’ m
where k' denotes the wave number of the scattered
wave, m is the molecular mass, and AFE is the

change of the total internal energies, including the
AC Stark shift. F' is an operator, proportional to
(@1 [T D51) 17 |(Bia [T | D s2)|” [39]. As the different val-
ues of the molecular spin J are mixed in a field, in practice
we transform the molecular state into a field-dressed basis
for performing scattering calculations, |@o) = > _ca |Pa),
where |@,), is the wave function without an electric field
and ¢, where « stands for the eigenfunctions of the Hamil-
tonian H = H,, + Hf;e1q determined numerically at each
value of the field and the frequency. We will continue to re-
fer to molecular states by the quantum numbers J, and M
with the understanding that they are only approximately
good in a field, and that |®,) is the appropriate molecu-
lar state. The eigenfunctions only depend on the values of
z and v/B. Following the m?u$ dependence of the cross-
section (4) it is appropriate to define the reduced cross
section as p = o/m?ug. At ultracold energies the Born
approximation yields the following behavior [39)

AE 1/2
p o <1 + ?> for bosons

AE —-1/2
p o (1 + ?) for fermions. (5)

Therefore, the elastic collision cross section, for which
AE = 0, does not depend on K. At AE > K, the in-
elastic collision cross sections are proportional to K —1/2
for boson molecules and proportional to K'/2 for fermion
molecules. The validity of the Born approximation was
discussed in reference [42]. The same arguments hold for
the present paper. Following the criteria derived there and
estimating the dipole-dipole interaction as p2/r®, assum-
ing that the condition is satisfied when

32 16w2e2h0
- (6)

K<
27 m3ug
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Fig. 3. The threshold energies of the &; 5, s, states.

This criteria is valid when K/kp < 2 nK for CICN
molecules (po = 2.8 D, m = 61m,,). However, the dipole-
dipole interaction is actually much weaker than u2/r3 as
the effective potential Ceg /73 is defined by the mixing of
different partial waves [41] and the Born approximation is
also valid within the region of higher kinetic energy. The
above criterion is more evident for fermionic species as
they have centrifugal barriers for any odd partial waves.
But for bosonic species we have to keep in mind that the
L =0 — L' = 0 contribution to a realistic dipole-dipole
interaction rigorously vanishes by symmetry. Moreover as
the threshold behavior of elastic collision is similar for
both bosons and fermions (4), we may assume that their
behavior would not different at ultracold energies even
when taking into account the short range interaction. This
still leaves open the possibility that some accidental reso-
nance arises a situation not treated in this work.

In this paper, we discuss the results of calculations
taking L — L' = 0,2 — 0,2 and 1 — 1,3 into ac-
count for boson and fermion molecules respectively. The
trapped molecules are considered at x = 0.7 and within
v/B = [0,4] frequency range. In this case the state of
interest is approximately described as a mixture of |000)
and |1 — 1 — 1) states:

@; % p1[000) +pall = 1=1); pi+p3=1.

The contribution of other states is small. The main dif-
ference from the DC electric field case is that in general
inelastic processes are always allowed for any a non-zero
field. Of course an inelastic cross section will be very small
at small fields but not exactly zero. In order to understand
it let us consider the energies of the dressed states near
our state versus v/B Figure 3. They are

@fl ~ q1|00— 1) +QQ|1 -1 —2>
@fQ ~ q2|00— 1) +Q1|1 —1 —2>
4 +as =1

The AC-electric field does not mix &; with & ,. But
the dipole-dipole interaction can cause a ®; — Py,
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Fig. 4. (Color online) The reduced collision cross sections be-
tween trapped molecules versus v/B at © = poEo/hB = 0.7.
The collision kinetic energy is taken as 10~ ®hB. Solid lines in-
dicate the reduced elastic collision cross sections and dotted
lines indicate the reduced cross section of the ¢; — ®; tran-
sition. The thick and thin lines indicate the collision between
the fermion and boson molecules, respectively.

transition. The ®; — P, transition is always possible as
E, — Ef1 ~ hv. But the matrix element (&;|u|®s) =
p2q1{l — 1 — 1|u|00 — 1) is not negligible only near the
adiabatic crossing of @y, , states near v/B = 2 where
p2qi ~ 1/2. The &; — &Py, transition is only possible
for v/B > 1 (see Fig. 3) and the collisional kinematics
E; — E¢, is approximately defined as

2h (v — B)
2k (B)

for v/B < 2
for 2 <v/B < 4.

Of course these expressions should be corrected near adi-
abatic crossings but it is not important for not very
large fields (z < 1). The matrix element (@;|p|Pys,) ~
p2q2(l — 1 — 1|00 — 1) near v/B = 2 where paga ~ 1/2
and it is very small at 1{(v/B < 2 where p2g2 < 1. But
in the 2(v/B(4 case this matrix element is almost pure
(1—1—1]u|00—1) and an inelastic transition is only defined
by this matrix element. Figure 4 shows the reduced colli-
sion cross sections between trapped molecules as functions
of v/B for x = 0.7. When v/B ~ 1 (trapped molecules are
mostly in the |J = 0, M = 0) state), inelastic collisions are
negligible at the kinetic energy K < 2AB. Then the inelas-
tic collision cross section is growing drastically after this
point up to v/B = 2 (where the above described adiabatic
crossing appears) and is staying rather steady further.
The reduced elastic collision cross section for fermionic
molecules is larger than that for boson molecules with a
factor of 2.7, when only dipole-dipole interaction is consid-
ered. The inelastic cross section for fermions is consider-
ably smaller than for bosons simply reflecting the thresh-
old behavior [42]. At larger fields (larger z) the general
behavior of the reduced cross section is qualitatively sim-
ilar.

Figure 5 shows the reduced elastic cross section for
molecules in the @; state as functions of z for different
values v/B. The reduced elastic collision cross sections
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Fig. 5. (Color online) The reduced collision cross-sections for
the trapped molecules in the @; state (see the text) versus x for
the microwave frequency of (a) 0.3B, (b) 1.8 and (c) 2.3B. The
collision kinetic energy is taken as 10"5AB. The solid lines are
for the reduced elastic collision cross sections and the dotted
lines are for the reduced cross section of the ®; — @ transi-
tion. The thick (black) and thin (red) curves are for fermionic
and bosonic molecules respectively.

are proportional to z* at x < 0.5, as derived through
the first-order perturbation theory. When 3 < z < 5,
the reduced elastic collision cross section is almost pro-
portional to z. One can see that the significant inelas-
tic cross section appears both for red detuning (Fig. 5b)
where v/B = 1.8,A = v — 2B/h < 0 and blue detun-
ing (Fig. 5¢) where v/B=23,A=v—2B/h > 0.
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As for the practical size and depth of the trap the con-
ditions are x 2 1 and v/B =~ 1 [36] we conclude that evap-
orative cooling will always be successful for the fermionic
species for the above considered AC-fields. The evapora-
tive cooling for bosons can only be successful at v/B < 1
and the inelastic cross section is quite sensitive to x near
such a frequency.

4 Conclusion

In this paper we have discussed collision cross sections for
polar 1 X type molecules trapped in a microwave field. We
have analyzed the collisional dynamics in dependence on
external AC-field within the Born approximation, which
have rather a simple dependence on parameters such as
the permanent dipole moment, mass, and rotational con-
stant.

We have shown that the trap loss caused by the in-
elastic collision can be significant for bosonic molecules
not only for fields with v > 2B but and for fields with
B < v < 2B. So the inelastic collision is only suppressed
in cases when v/B < 1. Moreover it is quite sensitive to
the amplitude of the AC field near this point. It has been
demonstrated that evaporative cooling at ultracold ener-
gies should be successful at almost any parameters of the
AC-field for fermionic species.
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